In this paper, we consider the CQ projection method and the shrinking projection method given by a finite family of nonexpansive mappings of the unit sphere of a real Hilbert space, and prove strong convergence theorems to common fixed points of the mappings.
Introduction
Let C be a nonempty closed convex subset of a real Hilbert space and T a nonexpansive mapping from C onto itself such that fixed points set F (T ) is nonempty. Let P C is a metric projection to a nonempty closed convex subset. In 2000, Solodov-Svaiter [13] introduced the CQ projection method and in 2003, Nakajo-Takahashi [11] consider the following iteration:
x 1 := x ∈ C, y n := α n x n + (1 − α n )T x n , C n := {z ∈ C | y n − z ≤ x n − z }, Q n := {z ∈ C | x n − z, x 1 − x n ≥ 0}, x n+1 := P Cn∩Qn x 1 , where {α n } satisfies lim n→∞ α n = 0 and ∞ n=1 |α n+1 − α n | < ∞ and P Cn∩Qn is a metric projection from C onto C n ∩ Q n . Then they showed {x n } is converget to P F (T ) x 1 . In 2006, Nakajo-Shimoji-Takahashi [12] used W -mapping (see Definition 2.3) genereted to consider the followinf iteration:
x 1 := x ∈ C, y n := W n x n , C n := {z ∈ C | y n − z ≤ x n − z },
x n+1 := P Cn∩Qn x 1 , and showed {x n } is convergent to P F x 1 , where F is a common fixed points set of generater of W -mapping. In 2012, Kimura-Satô [7] consider similar iteration in real Hilbert sphere as following:
x 1 := x ∈ C, y n := T x n , C n := {z ∈ C | d(y n , z) ≤ d(x n , z)}, Q n := {z ∈ C | cos d(x 1 , x n ) cos d(x 0 , x n ) ≥ cos d(x 1 , z)}, x n+1 := P Cn∩Qn x 1
On the other hand, Takahashi-Takeuchi-Kubota [15] introduced shrinking projection method in real Hilbert space as following iteration:
x 1 := x ∈ C, y n := α n x n + (1 − α n )T x n ,
where 0 ≤ α n < a < 1 for all n ∈ N. Then they showed {x n } convergent to P (T ) . In 2009, Kimura-Takahashi [9] considered shrinking projection method in Banach space and in Kimura [5] considered shrinking projection method in a real Hilbert ball which is a example of a Hadamard space.
In this paper, we consider CQ projection mathod and shrinking projection method for a finite family of nonexpansive mappings in a real Hilbert sphere which is a example of a complete CAT(1) space, that is, we showed following result:
Let α n,1 , a n,2 , . . . , α n,r be real numbers for n ∈ N such that α n,i ∈ [a, 1 − a] for every i = 1, 2, . . . , r where 0 < a < 1/2, and let T 1 , T 2 , . . . , T r be a finite number of nonexpansive mappings of C into itself such that F := r i=1 F (T i ) = ∅. Let W n be the W-mappings of X into itself generated by T 1 , T 2 , . . . , T r and α n,1 , α n,2 , . . . , α n,r for n ∈ N. For a given point x 1 ∈ C, let {x n } be a sequence in C generated by y n := W n x n ,
x n+1 := P Cn∩Qn x 1 for all n ∈ N. Then {x n } is well defined and convergent to P F x 1 . Theorem 1.2 (Theorem 3.2). Let C be a closed convex subset in real Hilbert shpere S H such that d(v, v ′ ) < π/2 for every v, v ′ ∈ C. Let α n,1 , a n,2 , . . . , α n,r be real numbers for n ∈ N such that α n,i ∈ [a, 1 − a] for every i = 1, 2, . . . , r where 0 < a < 1/2, and let T 1 , T 2 , . . . , T r be a finite number of nonexpansive mappings of C into itself such that F := r i=1 F (T i ) = ∅. Let W n be the W-mappings of X into itself generated by T 1 , T 2 , . . . , T r and α n,1 , α n,2 , . . . , α n,r for n ∈ N. For a given point x 1 ∈ C, let {x n } be a sequence in C generated by
for all n ∈ N. Then {x n } is well defined and convergent to P F x 1 .
It is essential to show that lim n→∞ d(T i x n , x n ) = 0 for every i = 1, 2, . . . , r for both theorems. For that we used the Theorem 2.2.
Preliminaries
Let (X, d) be a metric space. For x, y ∈ X, a map c : [0, l] → X is called a geodesic if it satisfies c(0) = x, c(l) = y and d(c(s), c(t)) = |s − t| for all s, t ∈ [0, l]. If a geodesic is unique for every x, y ∈ X, we denote the image c([0, l]) of c by [x, y] and call it the geodesic segment joining x to y. If [x, y] is a unique geodesic segment joining x to y for any x, y ∈ X, then we call X a geodesic metric space.
Let X be a geodesic metric space. For all x, y, z ∈ X, set △(x, y, z) = [x, y] ∪ [y, z] ∪ [z, x] and call it a geodesic triangle. For any geodesic triangle △(x, y, z) satisfying d(x, y) + d(y, z) + d(z, x) < 2π, there exists a spherical triangle △(x, y, z) in S 2 such that each corresponding edge has the same length as that of the original triangle, where S 2 is a unit sphere in a Euclidena space R 3 . △(x, y, z) is called the comparison triangle of △(x, y, z). For p, q ∈ △(x, y, z), there exist comparison points p, q ∈ △(x, y, z). If the inequality
holds for all p, q ∈ △(x, y, z), where d S 2 is the spherical metric on S 2 , then we call X a CAT(1) space. If z ∈ [x, y] satisfies d(y, z) = αd(x, y) and d(x, z) = (1−α)d(x, y), we denote z = αx ⊕ (1 − α)y. The following Hilbert sphere is the most important example of CAT(1) space in this paper. Then S H is an example of complete CAT(1) space, and thus a nonempty closed convex subset of S H is a complete CAT(1) space (see [1] ). It is known that a hemisphere {z ∈ S H | d(x, z) ≤ d(y, z)} and a subset {z ∈ S H | cos d(x, y) cos d(y, z) ≥ cos d(x, z)} are closed convex subsets of S H .
Let X be a complete CAT(1) space such that d(v, v ′ ) < π/2 for all v, v ′ ∈ X, and let C be a nonempty closed convex subset of X. Then for any x ∈ X, there exists a unique point P C x ∈ C such that
We call P C x the metric projection of x ∈ X. By definition, the metric projection P C x is the nearest point of C to a given x ∈ X.
Let X be a metric space and {x n } be a bounded sequence of X. The asymptotic center AC({x n }) of {x n } is defined by
We say that {x n } is ∆-convergent to a point z ∈ X if for all subsequences {x ni } of {x n }, its asymptotic center consists only of z, that is,
Let X be a metric space and T be a mapping of X into itself. Hereafter we denote by
the fixed point set of T . The mapping T is called
for all x ∈ X and p ∈ F (T ). Using similar techniques to the case of Hilbert space, we can prove that F (T ) is a closed convex subset of X. • We also say that T is ∆-demiclosed if for any ∆-convergent sequence {x n } in X, its ∆-limit belongs to F (T ) whenever lim n→∞ d(T x n , x n ) = 0. The notation of W -mapping is originally proposed by Takahashi. We use the same notation in the setting of geodesic space as following: [14] ). Let X be a geodesic metric space. Let T 1 , T 2 , . . . , T r be a finite number of mappings of X into itself and α 1 , α 2 , . . . , α r be real numbers such that 0 ≤ α i ≤ 1 for every i = 1, 2, . . . , r. Then we define a mapping W of X into itself inductively as
We obtained mapping W := U r is called the W -mapping generated by T 1 , T 2 , . . . , T r and α 1 , α 2 , . . . , α r .
The following lemmas are important for our main result.
Lemma 2.4 (Kimura-Satô [8] ). Let T be a nonexpansive mapping defined on a CAT(1) space. For any real number α ∈ [0, 1], the mapping αT ⊕ (1 − α)I is quasinonexpansive.
Lemma 2.5 (Kimura-Satô [8] ). Let T be a nonexpansive mapping defined on a CAT(1) space. For any real number α ∈ (0, 1], the mapping αT
Lemma 2.6 (Espínola-Fernández-León [2] ). Let X be a complete CAT(1) space, and {x n } be a sequence in X. If there exists x ∈ X such that lim sup n→∞ d(x n , x) < π/2, then {x n } has a ∆-convergent subsequence.
Lemma 2.7 (He-Fang-Lopez-Li [4] ). Let X be a complete CAT(1) space and p ∈ X. Let {x n } be a sequence in X. Supposed that {x n } satisfies lim sup n→∞ d(x n , p) < π/2 and that {x n } is ∆-convergent to x ∈ X. Then d(x, p) ≤ lim inf n→∞ d(x n , p).
Lemma 2.9 (Kimura-Satô [7] ). Let {x n } be a sequence in some closed convex subset of the Hilbert sphere S H . If {x n } is ∆-convergent to x ∈ S H , then x ∈ C. for some δ ∈ [0, π/2] and α ∈ (0, 1), then δ = 0.
Lemma 2.11 (Ezawa-Kimura [3] ). Let X be a CAT(1) space. Let T 1 , T 2 , . . . , T r be quasinonexpansive mappings of X into itself such that r i=1 F (T i ) = ∅ and let α 1 , α 2 , . . . , α r be real numbers such that 0 < α i < 1 for every i = 1, 2, . . . , r. Let W be the W -mappig of X into itself generated by T 1 , T 2 , . . . , T r and α 1 , α 2 , . . . , α r .
Main result
Theorem 3.1. Let C be a closed convex subset in real Hilbert shpere S H such that d(v, v ′ ) < π/2 for every v, v ′ ∈ C. Let α n,1 , a n,2 , . . . , α n,r be real numbers for n ∈ N such that α n,i ∈ [a, 1 − a] for every i = 1, 2, . . . , r where 0 < a < 1/2, and let T 1 , T 2 , . . . , T r be a finite number of nonexpansive mappings of C into itself such that F := r i=1 F (T i ) = ∅. Let W n be the W-mappings of X into itself generated by T 1 , T 2 , . . . , T r and α n,1 , α n,2 , . . . , α n,r for n ∈ N. For a given point x 1 ∈ C, let {x n } be a sequence in C generated by y n := W n x n ,
x n+1 := P Cn∩Qn x 1 for all n ∈ N. Then {x n } is well defined and convergent to P F x 1 .
Proof. First, we show that {x n } is well defined, that is, we show that C n ∩ Q n is nonempty closed convex subset. By the definition of C n and Q n , C n and Q n are closed subsets. Since C n and Q n are hemisphere, C n and Q n are convex subsets. Thus C n ∩ Q n is closed convex subset in C. In order to show that it is nonempty, we show F ⊂ C n ∩ Q n by induction for n ∈ N. Since C 1 = Q 1 = C, we have F ⊂ C 1 ∩ Q 1 , and C 1 ∩ Q 1 is closed convex subset. We assume the induction hypothesis that F ⊂ C k ∩ Q k and show F ⊂ C k+1 ∩ Q k+1 . For all z ∈ F , by Lemma 2.11, d(W k+1 x k+1 , z) ≤ d(x k+1 , z) and thus z ∈ C k+1 . By induction hypothesis,
If z = x k+1 , then it is obvious that z ∈ Q k+1 by definition of Q k . So, we assume that z = x k+1 . Dividing above by 2 sin(td(z, x k+1 )/2) and letting t → 0, we have
and thus z ∈ Q k+1 . From the above, we get z ∈ C k+1 ∩Q k+1 and F ⊂ C k+1 ∩Q k+1 . Therefore, C n ∩ Q n is nonempty closed convex subset and {x n } is well defined. Next, we show that lim n→∞ d(T i x n , x n ) = 0 for all i = 1, 2, . . . , r to get our result. By the definition of metric projection, we have
Then, {cos d(x 1 , x n )} is a monotonically non-increasing sequence of real numbers. Then we can put a := lim n→∞ cos d(x 1 , x n ) > cos π 2 = 0 By the definition x n+1 = P Cn∩Qn x 1 ∈ Q n , we have
It follow that 1 ≥ cos lim sup n→∞ d(x n , x n+1 ) = lim inf n→∞ cos d(x n , x n+1 ) ≥ 1, and we have that lim sup n→∞ d(x n , x n+1 ) = 0. Hence lim n→∞ d(x n , x n+1 ) = 0. By the definition C n and x n+1 , it follows that x n+1 ∈ C n and then d(W n x n , x n+1 ) ≤ d(x n , x n+1 ).
we have that 0 ≤ α n,r d(T r U n,r−1 x n , x n ) = d(α n,r T r U n,r−1 x n ⊕ (1 − α n,r )x n , x n )
Since inf n∈N α n,r > 0, we get lim n→∞ d(T r , U n,r−1 x n , x n ) = 0.
Next we show lim n→∞ d(T r−1 U n,r−2 x n , x n ) = 0.
Since P Cn∩Qn is quasinonexpansive and z ∈ F ⊂ C n ∩ Q n , we have that
Thus we have that inf n∈N cos d(x n , z) = cos sup n∈N d(x n , z) > cos π 2 = 0.
Put ε n := d(T r U n,r−1 x n , x n ) and δ n := d(T r−1 U n,r−2 x n , x n ). Then, we have cos d(x n , z) sin d(T r−1 U n,r−2 x n , x n ) ≥ cos(d(x n , T r U n,r−1 x n ) + d(T r U n,r−1 x n , z)) sin d(T r−1 U n,r−2 x n , x n ) = cos(ε n + d(T r U n,r−1 x n , z)) sin d(T r−1 U n,r−2 x n , x n ) = {cos ε n cos d(T r U n,r−1 x n , z) − sin ε n sin d(T r U n,r−1 x n , z)} sin d(T r−1 U n,r−2 x n , x n ) = cos ε n cos d(T r U n,r−1 x n , z) sin d(T r−1 U n,r−2 x n , x n ) − sin ε n sin d(T r U n,r−1 x n , z) sin d(T r−1 U n,r−2 x n , x n ) Since T r is nonexpansive, ≥ cos ε n cos d(U n,r−1 x n , z) sin d(T r−1 U n,r−2 x n , x n )−sin ε n sin d(T r U n,r−1 x n , z) sin δ n By Lemma 2.2 ≥ cos ε n {cos d(T r−1 U n,r−2 x n , z) sin(α n,r−1 d(T r−1 U n,r−2 x n , x n )) + cos d(x n , z) sin((1 − α n,r−1 )d(T r−1 U n,r−2 x n , x n ))} − sin ε n sin d(T r U n,r−1 x n , z) sin δ n By Lemma 2.4, T r−1 U n,r−2 is quasinonexpansive, so ≥ cos ε n {cos d(x n , z) sin(α n,r−1 d(T r−1 U n,r−2 x n , x n )) + cos d(x n , z) sin((1 − α n,r−1 )d(T r−1 U n,r−2 x n , x n ))} − sin ε n sin d(T r U n,r−1 x n , z) sin δ n = cos ε n cos d(x n , z){sin(α n,r−1 d(T r−1 U n,r−2 x n , x n )) + sin((1 − α n,r−1 )d(T r−1 U n,r−2 x n , x n ))} − sin ε n sin d(T r U n,r−1 x n , z) sin δ n and hence cos d(x n , z) sin δ n ≥ cos ε n cos d(x n , z){sin(α n,r−1 δ n ) + sin((1 − α n,r−1 )δ n )} − sin ε n sin d(T r U n,r−1 x n , z) sin δ n .
Then dividing above by cos d(x n , z), we have sin δ n ≥ cos ε n {sin(α n,r−1 δ n )+sin((1−α n,r−1 )δ n )}− sin ε n sin d(T r U n,r−1 x n , z) sin δ n cos d(x n , z)
Let {δ ni } be a convergent subsequence whose limit is δ ∈ [0, π/2]. There exists subsequence {α ni j ,r−1 } of {α ni,r−1 } and α ∈ (0, 1) such that α ni j ,r−1 → α as j → ∞. Then since ε ni j → 0 as j → ∞, we get sin δ ≥ sin(αδ) + sin((1 − α)δ).
By Lemma 2.10 δ = 0. Therefore {δ n } converges to 0, that is,
Using a similar calculation inductively, we have lim n→∞ d(T i U n,i−1 x n , x n ) = 0 for all i = 1, 2, . . . , r. Since
we obtain lim n→∞ d(T i x n , x n ) = 0 for all i = 1, 2, . . . , r. Let {x ni } be an arbitrary subsequence of {x n }. By the inequality sup j∈N d(x 1 , x nj ) ≤ sup n∈N d(x 1 , x n ) < π/2 and Lemma 2.6, there exists a subsequence {x ni j } of {x ni } and w ∞ such that {x ni j } is ∆-convergent to w ∞ . For the sake of simplicity, we put w j := x ni j . Then we can
By the definition of ∆-convergence, we get
Thus we get lim j→∞ d(x 1 , w j ) = d(x 1 , w ∞ ) and by Lemma 2.6, {w j } is convergent to w ∞ . On the other hand, we get d(x 1 , P F x 1 ) = d(x 1 , w ∞ ) and by definition of the metric projection P F , we get w ∞ = P F x 1 . From the above, for any subsequence {x ni } of {x n } has a subsequence {x ni j } such that {x ni j } is convergent to P F x 1 . Therefore {x n } is convergent to P F x 1 .
Next, we consider the shrinking projection method using W -mapping on a complete CAT(1) space. Theorem 3.2. Let C be a closed convex subset in real Hilbert shpere S H such that d(v, v ′ ) < π/2 for every v, v ′ ∈ C. Let α n,1 , a n,2 , . . . , α n,r be real numbers for n ∈ N such that α n,i ∈ [a, 1 − a] for every i = 1, 2, . . . , r where 0 < a < 1/2, and let T 1 , T 2 , . . . , T r be a finite number of nonexpansive mappings of C into itself such that F := r i=1 F (T i ) = ∅. Let W n be the W-mappings of X into itself generated by T 1 , T 2 , . . . , T r and α n,1 , α n,2 , . . . , α n,r for n ∈ N. For a given point x 1 ∈ C, let {x n } be a sequence in C generated by
x n+1 := P Cn x 1 , for all n ∈ N. Then {x n } is well defined and convergent to P F x 1 .
Proof. First, we show that {x n } is well defined, that is, we show that C n is nonempty closed convex subset of C. By the definition of C n , we have that C n is a closed convex subset of C. So, we shall show C n is nonempty. Since T 1 , T 2 , . . . , T r are nonexpansive, by Lemma 2.4, W n is quasinonexpansive. Then by Lemma 2.11, we have that F ⊂ {z ∈ C | d(y n , z) ≤ d(x n , z)}. Then by induction, we have that F ⊂ C n for all n ∈ N, that is, C n is nonempty for all n ∈ N. Therefore, {x n } is well defined.
Next, we show that {x n } is convergent to P F x 1 . Let {x ni } be an arbitrary subsequence of {x n }. By the inequality sup j∈N d(x 1 , x nj ) ≤ sup n∈N d(x 1 , x n ) < π/2, there exists a subsequence {x ni j } of {x ni } and w ∞ such that {x ni j } is ∆convergent to w ∞ . For the sake of simplicity, we put w j := x ni j . For all k ∈ N, there exists j 0 ∈ N such that, for every j ≥ j 0 , w j ∈ C k . By Lemma 2.9, we get w ∞ ∈ C k . Thus we have that w ∞ ∈ ∞ k=1 C k , and Lemma 2.9 d(x 1 , P ∞ k=1 C k x 1 ) ≤ d(x 1 , w ∞ ) ≤ lim j→∞ d(x 1 , w j ) = lim j→∞ d(x 1 , P Cn i j x 1 ) ≤ d(x 1 , P ∞ k=1 C k x 1 ). Thus we get d(x 1 , w ∞ ) = lim j→∞ d(x 1 , w j ) and by Lemma 2.6, {w j } convergent to w ∞ . On the other hand, we get d(x 1 , P ∞ k=1 C k x 1 ) = d(x 1 , w ∞ ). By the definition of the metric projection P ∞ k=1 C k , we get w ∞ = P ∞ k=1 C k x 1 . From the above, for any subsequence {x ni } of {x n } has a subsequence {x ni j } such that {x ni j } convergent to P ∞ k=1 C k x 1 . Since P ∞ k=1 C k x 1 ∈ ∞ k=1 C k ⊂ C n for all n ∈ N and the definition of C n , d(W n x n , P ∞ k=1 C k x 1 ) ≤ d(x n , P ∞ k=1 C k x 1 ). Thus lim sup n→∞ d(W n x n , P ∞ k=1 C k x 1 ) ≤ lim n→∞ d(x n , P ∞ k=1 C k x 1 ) = 0 holds. Hence {W n x n } is convergent to P ∞ k=1 C k x 1 . Therefore, lim n→∞ d(W n x n , x n ) = 0. Then, as in the proof of Theorem 3.1, we have that lim n→∞ d(T i x n , x n ) = 0 for all i = 1, 2, . . . , r. Thus P ∞ k=1 C k x 1 ∈ F (T i ) for all r = 1, 2, . . . , r. Thus P ∞ k=1 C k x 1 ∈ r i=1 F (T i ). Since F ⊂ ∞ k=1 C k and P ∞ k=1 C k x 1 ∈ F , d(x 1 , P ∞ k=1 C k x 1 ) ≤ d(x 1 , P F x 1 ) ≤ d(x 1 , P ∞ k=1 C k x 1 ). By the definition of the metric projection, we have P ∞ k=1 C k x 1 = P F x 1 , that is, {x n } is convergent to P F x 1 , and we finish the proof.
